We propose a new lifetime model called the exponentiated power generalized Weibull (EPGW) distribution, which is obtained from the exponentiated family applied to the power generalized Weibull (PGW) distribution. It can also be derived from a power transform on an exponentiated Nadarajah-Haghighi random variable. Since several structural properties of the PGW distribution have not been studied, they can be obtained from those of the EPGW distribution. The model is very flexible for modeling all common types of hazard rate functions. It is a very competitive model to the well-known Weibull, exponentiated exponential and exponentiated Weibull distributions, among others. We also give a physical motivation for the new distribution if the power parameter is an integer. Some of its mathematical properties are investigated. We discuss estimation of the model parameters by maximum likelihood and provide two applications to real data. A simulation study is performed in order to examine the accuracy of the maximum likelihood estimators of the model parameters.
respectively. Dimitrakopoulou et al. (2007) presented a lifetime model that has the same formulation as that one in (3) with motivation in competing risk scenario. Lai (2013) described the PGW among the Weibull generalizations that are often required to prescribe the nonmonotonic nature of the empirical hazard rates. Nikulin and Haghighi (2006) introduced a chi-square statistic for testing the validity of the PGW distribution and presented an application to censored survival times of cancer patients. Nikulin and Haghighi (2009) presented shape analysis for the PGW pdf and hrf. They also obtained a series representation for the sth moment of this distribution, but only for integer values of s/γ. They do not provide a general expression for the PGW ordinary moments. We also note that there is a lack of other structural properties of the PGW distribution like incomplete moments, skewness, mean deviations, Bonferroni and Lorenz curves and Rényi entropy.
In this paper, we use the concept of exponentiated distributions for introducing a new four-parameter Weibull-type family, so-called the exponentiated power generalized Weibull (EPGW) distribution. The proposed distribution is obtained by considering the PGW model as baseline in the exp-G family. Thus, the EPGW cdf and pdf are given by (for t > 0)
and
respectively. Here, λ is the scale parameter and γ, α and β are shape parameters. Henceforth, we denote by T a random variable having pdf (6), say T ∼ EPGW(α, β , λ , γ). Identifiability is a property which a model must satisfy for precise inference to be possible, which refers to whether the unknown parameters in the model can be uniquely estimated. Equation (5) is clearly identifiable. The hrf of T is given by
By inverting (5), we obtain an explicit expression for the quantile function (qf) of the EPGW distribution, say Q(u), given by
Its median M follows by setting u = 1/2 in (8). The simulation of the EPGW random variable is straightforward. If U ∼U (0,1), then the random variable T = Q(U) follows the EPGW distribution given by (6) . Some motivations for introducing the EPGW distribution are:
• The new distribution is quite flexible because it contains several well-known lifetime distributions as special models, see Table I . This feature is also suitable for testing the goodness-of-fit of these distributions. • The current distribution can also be derived from a power transform on an ENH random variable. If Y ∼ENH(α, β , λ ), the cdf of Y is given by
where α > 0, β > 0 and λ > 0. Consider the transformation T = Y 1/γ , where γ > 0. Thus, the cdf of T has the form F(t) = F Y (t γ ) given by (5). A similar approach was addressed by Gomes et al. (2008) . They proposed a new method of estimation for the generalized gamma distribution through the power transformation W = X c , where X is a generalized gamma random variable and W has the gamma distribution.
• Once several structural properties of the PGW distribution have not been studied, they shall be obtained from those of the EPGW distribution.
• By pioneering a PGW generalization of the exp-G family, it is also possible to obtain several properties of other generated families based on linear combinations from those of the EPGW distribution. For example, for the beta-G famil (Eugene et al. 2002) , the density function can be expressed as a linear combination of exp-G pdfs for any baseline G. Similar results can also be demonstrated for the Kumaraswamy-G introduced by Cordeiro and Castro (2011) , among several others generated families of distributions.
• Let β > 0 be an integer. Thus, F(t) given in (5) represents the cdf of the maximum value on a β -variate random sample from the PGW distribution, say: T = max{T 1 , . . . , T β }. In other words, the EPGW distribution can be used to model the maximum lifetime of a random sample from the PGW distribution with size β . Further, as part of the exp-G family, the EPGW distribution has the following physical interpretation. Consider a parallel system consisting of β = n components, which means that the system works if at least one of the n-components works. If the lifetime distributions of the components are independent and identically distributed PGW random variables, then the lifetime distribution of the system becomes the EPGW cdf with power parameter β = n.
• The EPGW may provide consistently 'better fits' than other Weibull generalizations including its special models. This fact is shown by fitting the proposed distribution to two data sets in Section 13. The applications illustrate that the EPGW distribution can also be very competitive to other widely known lifetime models.
The paper is outlined as follows. Some mathematical properties of the new distribution are provided in Sections 3-10. They include ordinary and incomplete moments, mean deviations about the mean and the median, Bonferroni and Lorenz curves, Rényi entropy, reliability and order statistics. In Section 11, we present the maximum likelihood method to estimate the model parameters. In Section 12, a simulation study evaluates the performance of the maximum likelihood estimators (MLEs). Applications to two real data sets are presented in Section 13. Section 14 offers some concluding remarks.
-DENSITY AND HAZARD SHAPES
Note that the pdf (6) can be expressed in terms of the cdf and pdf given in (3) and (4), respectively, in the form f (t) = β G(t) β −1 g(t). Thus, the multiplicative factor β G(t) β −1 is greater (smaller) than one for β > 1 (β < 1) and for larger values of t, and the opposite occurs for smaller values of t. The inclusion of the extra shape parameter β provides greater flexibility in terms of skewness and kurtosis of the new distribution. The pdf (6) can take various forms depending on the values of the shape parameters α, β and γ. It is easy to verify that
and lim t→∞ f (t) = 0. Seting z = (1 + λt γ ) α , we can rewrite the EPGW pdf as
Differentiating twice log ψ(z) with respect to z, we obtain
Note that z = (1 + λt γ ) α implies that z > 1. Thus, we can verify that for t > 0, α < 1, β < 1 and γ < 1, [d 2 log ψ(z)/dz 2 ] > 0. This implies that the EPGW pdf is log-convex. Further, for t > 0, α > 1, β > 1 and γ > 1, [d 2 log ψ(z)/dz 2 ] < 0, which implies that the EPGW pdf is log-concave. Figure 1 displays plots of the pdf (6) for some parameter values. It illustrates the flexibility of the EPGW density, which allows modeling skewed and asymmetrical data. Analogously, the EPGW hrf can be rewritten as
The critical point are obtained from For α = β = γ = 1, d log φ (z)/dz = 0 and the hrf is constant. For α < 1, γ < 1 and β < 1, d log φ (z)/dz < 0 and the hrf is decreasing. There may be more than one root to this equation. Figure 2 provides plots of the hrf (7) for some parameter values. Figure 2 reveals that the EPGW distribution can have decreasing, increasing, upside-down bathtub and bathtub-shaped hazard functions. This feature makes the new distribution very attractive to model lifetime data. For example, according to Nadarajah et al. (2011) most empirical life systems have bathtub shapes for their hrfs.
-MOMENTS
The sth ordinary moment of T is obtained as E(T s ) = ∞ 0 t s f (t)dt, with f (t) from (6). For illustrative purposes, we provide a small numerical study by computing the first six moments for some scenarios. Each one considers a different parametrization for γ and β , with fixed α = 1.5 and λ = 1. These results are presented in Table II . All computations are obtained using R software, which have numerical integration routines with great precision. Based on these values, we can note that, for fixed γ, the additional parameter β has large impact on the moments of T . Note that the moments increase as β increases. For β fixed and ≤ 1, the moments decreases when γ increases.
The sth moment of T can also be determined from equation (8). After some algebra, we can write
is an integral to be evaluated numerically. Using the binomial expansion since 0 < e 1−(1+λt γ ) α < 1, the inverse of the denominator of (6) can be expressed as
Further, we can rewrite µ s as
We consider the integral
Hence, after some algebra, we obtain
The most general case of the binomial theorem is the power series identity
where ν k is a binomial coefficient and ν is a real number. This power series converges for ν ≥ 0 an integer, or |x/a| < 1. This general form is given by Graham (1994) . By using (11) in equation (10), since [u/( j + 1)] 1/α < 1, it follows from (9) that
where Γ(a, x) = ∞ x z a−1 e −z dz denotes the complementary incomplete gamma function, which is defined for all real numbers except the negative integers. Equation (12) is the main result of this section.
-SKEWNESS
The central moments (µ s ) and cumulants (κ s ) of T can be expressed recursively from equation (12) as
and kurtosis γ 2 = κ 4 /κ 2 2 can be determined from the third and fourth standardized cumulants. The MacGillivray (1986) skewness function of T is given by where u ∈ (0, 1), Q(·) is the qf defined in (8),
It is based on quantiles and can illustrate the effects of the shape parameters α, β and γ on the skewness of T . Plots of ρ(u) for some parameter values are displayed in Figure 3 . These plots reveal that when the parameters β and γ increase, the function ρ(u) converges to zero. The closer ρ(u) is to the horizontal line ρ(u) = 0, the density becomes more symmetrical. The quantity ρ(u) does not depend on the parameter λ since it is a scale parameter.
-INCOMPLETE MOMENTS
The sth incomplete moment of T , say m s (y) = y 0 t s f (t)dt, follows as
An alternative expression for m s (y) takes the form
-MEAN DEVIATIONS
The mean deviations about the mean (δ 1 = IE(|T − µ 1 |)) and about the median (δ 2 = IE(|T − M|)) of T can be expressed as
is easily determined from (5) and m 1 (y) = y 0 t f (t)dt is the first incomplete moment. Hence, we can write
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-BONFERRONI AND LORENZ CURVES
Applications of the previous results to the Bonferroni and Lorenz curves are important in several fields such as economics, demography, insurance and medicine. They are defined, for a given probability π, by B(π) = m 1 (q)/(π µ 1 ) and L(π) = m 1 (q)/µ 1 , respectively, where q = Q(π) follows from (8). The Gini concentration (C G ) is defined as the area between the curve L(π) and the straight line. Hence,
The quantity δ is given by
This integral can be easily evaluated numerically in softwares such as R and Ox, among others. An alternative expression for δ takes the form
For γ = 1, we can prove that this expression reduces to that one obtained by Lemonte (2013).
-ENTROPY
The entropy of a random variable is a measure of variation of the uncertainty and has been used in many fields. Several measures of entropy have been studied in the literature. However, we consider the most popular entropy measure: the Rényi entropy of a random variable with pdf f (x) defined by
for δ > 0 and δ = 1. The Rényi entropy of T can be expressed as
where M = − log(αγλ γ ) + δ 1−δ log(β ). The above integral can be evaluated numerically. By expanding the inverse of the denominator using the binomial expansion, we obtain
Again, by using the binomial expansion, I R can be expressed as
For γ = 1, the last expression agrees with the result by Lemonte (2013).
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-STRESS-STRENGTH RELIABILITY
The stress-strength reliability, defined as R = P(X > Y ), is a measure that describes the life of a component with a random strength X, which is subjected to a random stress Y . The failure occurs if the stress applied to the component exceeds the strength, i.e. Y > X, otherwise it will function satisfactorily. Clearly, this measure is very useful in engineering context such as deterioration of rocket motors and the aging of concrete pressure vessels. Let X and Y be two independent random variables with EPGW(α, β 1 , λ , γ) and EPGW(α, β 2 , λ , γ) distributions, respectively. We shall obtain the stress-strength parameter in the form
Thus, by taking u = 1 − exp {1 − (1 + λt γ ) α }, the above integral can be reduced to
-ORDER STATISTICS
Let T 1 , · · · , T n be a random sample from the EPGW distribution. Let T i:n denote the ith order statistic. The probability density function of T i:n is
By inserting (5) and (6) in (13) and after some algebra, we obtain
Thus, we can write
where
f (t; α, (i + j)β , λ , γ) is the EPGW density function with scale parameter λ and shape parameters γ, α and (i + j)β . Equation (14) is the main result of this section. Based on this, we can obtain some structural properties of T i:n using similar procedures as presented in the previous sections.
This section addresses the estimation of the unknown parameters of the EPGW distribution by the method of maximum likelihood. Let t 1 , . . . ,t n be a random sample of size n from the EPGW(α, β , λ , γ) distribution. Let θ = (α, β , λ , γ) T be the parameter vector of interest. The log-likelihood function for θ based on this sample is
The components of the score vector U (θ) are given by
Setting the above equations to zero, U (θ) = 0, and solving them simultaneously yields the MLEs of the four parameters. These equations cannot be solved analytically. We have to use iterative techniques such as the quasi-Newton BFGS and Newton-Raphson algorithms. The initial values for the parameters are important but are not hard to obtain from fitting special EPGW sub-models. Note that, for fixed α, λ and γ, the MLE of β is given bŷ
Thus, it is easily observed that fixed on t 1 , . . . ,t n ,
•β → 0 whenα → 0 and/orλ → 0
This behavior anticipates that estimates for smaller α and/or λ may require improved estimation procedures.
By replacing β byβ in equation (15) and letting θ p = (α, λ , γ), the profile log-likelihood function for θ p can be expressed as
(16)
We assume that the standard regularity conditions for p = (θ p ) hold.
They are not restrictive and hold for the models cited in this paper. The score vector corresponding to (16), U (θ p ), has the components
Solving the equations in U (θ p ) = 0 simultaneously yields the MLEs of α, λ and γ. The MLE of β is just β (α,λ ,γ) . The maximization of the profile log-likelihood might be simpler since it involves only three parameters. Lemonte (2013) noted a similar result for the ENH model but mentioned that some of the properties that hold for a genuine likelihood do not hold for its profile version.
For interval estimation of the components of θ, we can adopt the observed information matrix J (θ), whose elements can be obtained from the authors upon request. The multivariate normal N 4 (0, J ( θ) −1 ) distribution can be used to construct approximate confidence intervals for the model parameters.
-SIMULATION STUDY
Here, a Monte Carlo simulation experiment is performed in order to examine the accuracy of the MLEs of the model parameters. The simulations are carried out by generating observations from the EPGW distribution using the inverse transformation method for different parameter combinations. The number of observations is set at n = 100, 300 and 500 and the number of replications at 10, 000. For maximizing the log-likelihood function, we use the Optim function with analytical derivatives in R. From the results of the simulations given in Table III , we can verify that the root mean squared errors (RMSEs) of the MLEs of α, β , λ and γ decay toward zero when the sample size n increases, as expected. The mean estimates of the parameters tend to be closer to the true parameter values when n increases.
-APPLICATIONS
In this section, we present two applications to illustrate the flexibility of the EPGW distribution. They indicate the potentiality of the new distribution for modeling positive data. The first data set represents the remission times (in months) of 128 patients with bladder cancer (Lee and Wang 2003) . The second one corresponds to the 101 observations representing the stress-rupture life of kevlar 49/epoxy strands that are subjected to constant sustained pressure at the 90% stress level until all had failed. Then, we obtain a complete data set with exact failure times. This data set was studied by Andrews and Herzberg (1985) . Table IV gives a descriptive summary of the samples. Note that both data sets present positive skewness and that the remission times show higher variance. 
Mean estimates RMSEs
We fit the EPGW distribution (6) to these data sets and also present a comparative study with the fits of some embedded and not embedded models. One of these models is the Kumaraswamy Weibull (Kw-W) distribution, whose pdf is given by where a > 0, b > 0, c > 0 and β > 0. Another model is the beta Weibull (BW) distribution, whose pdf is given by
where a > 0, b > 0, α > 0 and λ > 0. The Beta-Fréchet (BFr) distribution, whose pdf is given by
where a > 0, b > 0, λ > 0 and σ > 0. We also consider the Marshall-Olkin Nadarajah-Haghighi (MONH) model, whose pdf is given by
where α > 0, β > 0 and λ > 0. The EW distribution, whose pdf is given by
where α > 0 and β > 0 are shape parameters and λ > 0 is a scale parameter. This distribution is quite flexible because its hrf presents the classic five forms (constant, decreasing, increasing, upside-down bathtub and bathtub-shaped). The Weibull model is a special case of the EW model when β = 1.
The ENH distribution can also have the same shapes for the hrf and therefore can be an interesting alternative to the EW distribution in modeling positive data. The ENH density is given by (6) when γ = 1. Further, for γ = β = 1, we have as a special model the NH distribution given by (2). We also consider the PGW model, whose pdf is given in (4), which arises from the EPGW model when β = 1. where λ > 0, β > 0 and α > 0. For α = 1, it becomes the Chen distribution (Chen 2000). The MW and Chen distributions can have increasing or bathtub-shaped failure rate. An extension of the Weibull model proposed by Bebbington et al. (2007) has pdf given by
where α > 0 and β > 0. We shall use the same terminology by Lemonte (2013) for this distribution, i.e., denote the flexible Weibull (FW) density. The FW model can have increasing or modified bathtub-shaped failure rate. We use the simulated-annealing method for maximizing the log-likelihood function of the models in the two applications. The MLEs and goodness-of-fit statistics are evaluated using the AdequacyModel script in R software. Tables V and VI list the MLEs and the corresponding standard errors (SEs) in parentheses of the unknown parameters for the fitted models to remission times data (first data set) and stress-rupture failure times (second data set), respectively.
In applications there is qualitative information about the failure rate shape, which can help for selecting some models. Thus, a device called the total time on test (TTT) plot is useful. The TTT plot is obtained by plotting
against r/n, where r = 1, . . . , n and y i:n (i = 1, . . . , n) are the order statistics of the sample. The figures in Tables V and VI indicate that the MLEs of the EPGW model are precise for both data sets. Figures 4 and 5 provide the TTT plots and plots of the hrf for the EPGW fitted model for the remission times and stress-rupture times data sets, respectively. They reveal that the EPGW hrf has decreasing and decreasing-increasing-decreasing shapes, respectively. This fact is in agreement with the TTT plot based on each data set. Chen and Balakrishnan (1995) constructed the corrected Cramér-von Mises and Anderson-Darling statistics. We adopt these statistics, where we have a random sample x 1 , . . . , x n with empirical distribution function F n (x), and require to test if the sample comes from a special distribution. The Cramér-von Mises (W * ) and Anderson-Darling (A * ) statistics are given by respectively, where F n (x) is the empirical distribution function, F(x;θ n ) is the postulated distribution function evaluated at the MLEθ n of θ . Note that the statistics W * and A * are given by the differences of F n (x) and F(x;θ n ). Thus, the lower are these statistics, we have more evidence that F(x;θ n ) generates the sample. The details to evaluate the statistics W * and A * are given by Chen and Balakrishnan (1995) . The W * , A * and Kolmogorov-Smirnov (KS) statistics for these models are given in Tables VII and VIII for both data sets. We emphasize that the EPGW model fits the remission times and stress-rupture failure data better than the other models according to these statistics. They indicate that the EPGW distribution yields the best fits in both applications.
More information is provided by the histogram of the data and some fitted density functions for both data sets given in Figure 6 . Clearly, in both applications, the new distribution provides a closer fit to the histogram than the other competitive models. The fitted cdfs of these models are also displayed in Figure  7 . Finally, we can conclude in the two situations that the EPGW distribution is quite competitive to other well-known and widely used distributions such as the Kw-W, EW and Weibull models.
-CONCLUSIONS
In this paper, we introduce the exponentiated power generalized Weibull (EPGW) model to extend the Weibull distribution. It has a power parameter and its hazard rate function allows constant, decreasing, increasing, upside-down bathtub or bathtub-shaped forms. The proposed distribution contains as special models several well-known lifetime distributions. It can also be derived from a power transform on an exponentiated Nadarajah-Haghighi random variable. Several structural properties of the power generalized Weibull (PGW) distribution have not been studied. However, they can be determined from those of the EPGW distribution. It can also be useful to obtain the properties for other generated families under the PGW baseline. We give a physical motivation for introducing the new distribution if the power parameter is an integer. We obtain some mathematical properties of the EPGW distribution, estimate the model parameters by maximum likelihood and prove empirically its flexibility in two applications to real data. In fact, the new distribution yields a good adjustment in both applications. We note that the EPGW distribution is quite competitive with other lifetime models and can be used effectively to provide better fits than other usual lifetime distributions. 
